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ON ZEROS OF FOURIER TRANSFORMS
RUIMING ZHANG
Abstract. In this work we verify the sufficiency of a Jensen’s necessary and
sufficient condition for a class of genus 0 or 1 entire functions to have only
real zeros. They are Fourier transforms of even, positive, indefinitely differen-
tiable, and very fast decreasing functions. We also apply our result to several
important special functions in mathematics, such as modified Bessel function
Kiz(a), a > 0 as a function of variable z, Riemann Xi function Ξ(z), and
character Xi function Ξ(z;χ) when χ is a real primitive non-principal charac-
ter satisfying ϕ(u;χ) ≥ 0 on the real line, we prove these entire functions have
only real zeros.
1. Introduction
One of fundamental questions in the theory of special functions is whether an
entire function has only real zeros. Some interesting examples are even entire func-
tions of genus 0 or 1, for example, Jackson’s q-Bessel function J (2)(z; q) and Bessel
function of first kind Jν(z), they have only real zeros, and they are essentially even
entire functions of genus 0 and 1 respectively, [1, 9]. The genus of an entire function
f(z) is an concept mostly related to its Hadamard infinite product expansion and
its order of growth. For each r > 0, let [10]
(1.1) ‖f‖∞,r = sup
|z|≤r
|f(z)| = max
|z|=r
|f(z)| .
Then the order ρ of f(z) can be defined by
(1.2) ρ = lim sup
r→∞
log
(
log ‖f‖∞,r
)
log(r)
.
Given an arbitrary point z0 ∈ C, the order ρ of f(z) can be computed from the
values of its derivatives at z0,
(1.3) ρ =
(
1− lim sup
n→∞
log
∣∣f (n)(z0)∣∣
n logn
)−1
.
Clearly, formula (1.3) shows that f
′
(z) has the same order as f(z). If the order ρ
of f(z) is finite, then it has the following Hadamard factorization
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(1.4) f(z) = zmep(z)
∞∏
n=1
(
1− z
zn
)
exp
(
z
zn
+ . . .+
1
k
(
z
zn
)k)
,
where m is an nonnegative integer, {zn}∞n=1 is the set of all nonzero roots of f(z),
p(z) a polynomial of degree j, and k is the smallest nonnegative integer such that
(1.5)
∞∑
n=1
1
|zn|k+1 <∞.
The genus of f(z) is defined as g = max {j, k}. If the order of f(z) is not an integer,
then g = ⌊ρ⌋ is the integer part of ρ, otherwise, g may be ρ− 1 or ρ.
In 1913 Jensen proved a set of necessary and sufficient conditions for a class of
genus 0 or 1 entire functions to have only real zeros, [7, 8, 11]. Gasper applied
Jensen’s conditions to prove many important special functions that have only real
zeros by directly verifying positivities of certain sums and integrals, [7, 8]. In this
work we verify a Jensen inequality for a class of functions under much stronger
conditions. More specifically, we are going to show the following:
Theorem 1. Let ϕ(u) be nonnegative, even, and indefinitely differentiable function
that is not identically zero. If additionally for each n ∈ Z+ there exists some
d, δ > 0 such that
(1.6) ϕ(n)(u) = O
(
exp
(
−deδ|u|
))
as u→ ±∞. Then the Fourier transform Φ(z) of ϕ(u) has only real zeros.
We just mention three applications of our results to special functions here. For
ℜ(z) > 0, the Bessel functions Kν(z) has integral representation [1, 6, 8, 13]
Kν(z) =
1
2
ˆ ∞
−∞
exp (−z coshu− νu) du.(1.7)
Then for a > 0
(1.8) Kiz(a) =
1
2
ˆ ∞
−∞
e−a coshueizudu
defines an entire function of variable z. Clearly, ϕ(u) = e−a coshu satisfies all the
conditions of Theorem 1. Thus the entire function Kiz(a) has only real zeros.
The Riemann Xi function is defined by [2, 3, 5, 7, 8, 12]
(1.9) Ξ (s) = − 1 + 4s
2
8π
1+2is
4
Γ
(
1 + 2is
4
)
ζ
(
1 + 2is
2
)
,
where Γ(z) and ζ(z) are analytic continuations of Euler gamma and Riemann zeta
functions respectively. Then the entire function Ξ (s) satisfies [2, 3, 5, 7, 8, 11, 12]
(1.10) Ξ (s) =
ˆ ∞
−∞
ϕ(u)eisudu, s ∈ C,
where
ϕ(u) = 2π
∞∑
n=1
{
2πn4e9u/2 − 3n2e5u/2
}
exp
(−n2πe2u) , u ∈ R.(1.11)
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It is known that ϕ(u) is even, positive, indefinitely differentiable. Furthermore, for
any ǫ > 0 and integers n ≥ 0, it satisfies
ϕ(n)(u) =O
(
exp
{
−(π − ǫ)e2|u|
})
(1.12)
as u → ±∞. Hence, it also satisfies the requirements of our result Theorem 1.
Thus Ξ (s) has only real zeros, which means the Riemann hypothesis is valid.
Given a positive integer q ≥ 2, let χ(n) be a primitive real character with respect
to modulus q with parity a, [4, 12]
(1.13) a =
{
0, χ(−1) = 1
1, χ(−1) = −1 .
Define the character Xi function Ξ (s;χ) for χ of parity a by [4]
(1.14) Ξ (s;χ) =
Γ
(
2a+1+2is
4
)
L
(
1
2 + is, χ
)
(
pi
q
)(2a+1+2is)/4 ,
where Γ(s) and L (s, χ) are the analytic continuations of Euler gamma function and
Dirichlet L-series for χ respectively. Then the entire function Ξ (s;χ) satisfies
(1.15) Ξ (s;χ) =
ˆ ∞
−∞
eisuϕ (u;χ)du,
where
(1.16) ϕ (u;χ) = 2ewau
∞∑
n=1
naχ(n)e−n
2pie2u/q, wa =
1 + 2a
2
,
and a is the parity of χ. By the transformation formulas [4]
(1.17)
∞∑
n=−∞
naχ(n)e−n
2piu/m = u−wa
∞∑
n=−∞
naχ(n)e−n
2pi/(mu), u > 0
we have
(1.18) ϕ (−u;χ) = ϕ (u;χ) , u ∈ R.
It is clear that for each integer n ≥ 0 we have
(1.19) ϕ(n) (u;χ) = O
(
exp
(
−de2|u|
))
as u → ±∞ for any 0 < d < piq . Hence for those χ such that ϕ (u;χ) > 0, u ∈ R,
ϕ (u;χ) satisfies all the conditions of Theorem 1. Thus the entire function Ξ (s;χ)
has only real zeros, hence the generalized Riemann hypothesis holds for this kind
of Dirichlet L-series.
2. Main Results
The following theorem only states a subset of Jensen’s results related to the
current work [7, 11] :
Theorem 2. Let ϕ(u) be an nonnegative even function such that it is not identically
zero on the real line, if it is indefinitely differentiable and for each n ∈ Z+,
(2.1) lim
u→∞
log
∣∣ϕ(n)(u)∣∣
u
= −∞.
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Additionally, the even entire function
(2.2) Φ(z) =
ˆ ∞
−∞
ϕ(u)eiuzdu = 2
ˆ ∞
0
ϕ(u) cos(zu)du
is of genus at most 1. Then the inequality
(2.3)
∂2
∂y2
|Φ (x+ iy)|2 ≥ 0, x, y ∈ R,
is necessary and sufficient for Φ(z) to have only real zeros.
Lemma 3. Let f(z), h(z) be two entire functions of genus at most 1, then so is
f(z)h(z).
Proof. Let ρf and ρh be the orders of f and h respectively. Since they are of genus
at most 1, 0 ≤ ⌊ρf⌋ , ⌊ρh⌋ ≤ 1, then we must have 0 ≤ ρf , ρh < 2. By (1.2) we have
(2.4)
log
(
log ‖f‖∞,r
)
log(r)
≤ a,
log
(
log ‖h‖∞,r
)
log(r)
≤ b,
as r→∞ where 0 < a, b < 2. Thus,
(2.5) log ‖f‖∞,r ≤ ra, log ‖h‖∞,r ≤ rb
as r→∞. From
(2.6) log
(
‖fh‖∞,r
)
≤ log
(
‖f‖∞,r · ‖h‖∞,r
)
≤ log
(
‖f‖∞,r
)
+ log
(
‖h‖∞,r
)
we get
(2.7) log
(
‖fh‖∞,r
)
≤ ra + rb ≤ 2rmax{a,b}
for r→∞. Then,
(2.8) log
(
log
(
‖fh‖∞,r
))
≤ log 2 + max {a, b} log r,
and
(2.9) lim sup
r→∞
log
(
log
(
‖fh‖∞,r
))
log r
≤ max {a, b} < 2.
Hence the order of fh is strictly less 2, thus the genus of fh is less than ⌊max {a, b}⌋ ≤
1. 
Lemma 4. Let ϕ(u) be an even nonnegative measurable function that is not iden-
tically zero. If there exists some d, δ > 0 such that ϕ(u) = O (exp (−deδ|u|)) as
u→ ±∞. Then the entire function defined in (2.2) is of genus at most 1
Proof. By the assumptions we have
(2.10) b2n =
ˆ ∞
−∞
ϕ(u)u2ndu > 0, n ∈ Z+
and
(2.11)
Φ(z) = 2
ˆ ∞
0
ϕ(u) cos(zu)du
= 2
ˆ ∞
0
ϕ(u)
(
∞∑
n=0
(−z2u2)n
(2n)!
)
du =
∞∑
n=0
(−z2)n
(2n)!
b2n.
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Then,
(2.12) sup
|z|≤r
|Φ(z)| = sup
|z|≤r
∣∣∣∣∣
∞∑
n=0
(−z2)n
(2n)!
b2n
∣∣∣∣∣ ≤
∞∑
n=0
r2n
(2n)!
b2n = Φ(ir).
By (2.1) we have
(2.13)
Φ(ir) = 2
ˆ ∞
0
ϕ(u) cosh(ru)du =
ˆ ∞
0
O (exp (−deδu + ru)) du
= O
(ˆ ∞
0
exp
(−deδu + ru) du) = O( 1
d
r
δ
ˆ ∞
d
exp (−y) y rδ−1du
)
= O
(
1
d
r
δ
ˆ ∞
0
exp (−y) y rδ−1du
)
= O
(
Γ
(
r
δ
)
d
r
δ
)
.
By Stirling’s formula we have [1]
(2.14)
log (Φ(ir)) = −r
δ
log d+ log Γ
(r
δ
)
+O(1)
= O (r log r)
as r→ +∞. Hence,
(2.15) ρ = lim sup
r→∞
log (logΦ(ir))
log(r)
≤ 1,
which shows that the order ρ of Φ(z) is no higher than 1, thus Φ(z) is of genus 0
or 1. 
Let
(2.16) t(u) =
{(
1− u2) , −1 < u < 1,
0, |u| ≥ 1.
Clearly,
(2.17)
d2t(u)
du2
=
{
−2, −1 < u < 1
0, |u| > 1
and [1, 6, 7, 9, 13]
(2.18)
√
8πz−
3
2 J 3
2
(z) =
ˆ 1
−1
eizu
(
1− u2) du.
Lemma 5. Let ϕ(u) be nonnegative, even, and indefinitely differentiable function
that is not identically zero. Additionally, we assume that for each n ∈ Z+ there
exists some d > 0 such that
(2.19) ϕ(n)(u) = O
(
exp
(
−deδ|u|
))
as u→ ±∞. Let us define
(2.20) ψ(u) =
ˆ
R
ϕ(u− y)t(y)dy, u ∈ R.
Then, ψ(u) is nonnegative, even, indefinitely differentiable function that is not
identically zero and
(2.21) ψ(2)(u) ≤ 0, u ∈ R.
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Furthermore, for each n ∈ Z+ we have
(2.22) ψ(n)(u) = O
(
exp
(
−dδeδ|u|
))
as u→ ±∞, where dδ = deδ .
Proof. Since for u ∈ R and |y| ≤ 1 we have
(2.23)
|u− y| ≥ |u| − 1, eδ|u−y| ≥ e−δeδ|u|, exp
(
−deδ|u−y|
)
≤ exp
(
− d
eδ
eδ|u|
)
.
Then by the asymptotic behavior of ϕ(n)(u), we have
(2.24)ˆ
R
ϕ(n)(u − y)t(y)dy = O
(
exp
(
− d
eδ
eδ|u|
) ˆ 1
−1
t(y)dy
)
= O
(
exp
(
−dδeδ|u|
))
,
where dδ =
d
eδ
. Thus the integral
´
R
ϕ(n)(u − y)t(y)dy converges absolutely and
uniformly for each n ∈ Z+, hence
(2.25) ψ(n)(u) =
ˆ
R
ϕ(n)(u− y)t(y)dy = O
(
exp
(
−dδeδ|u|
))
as u → ±∞. Clearly, ψ(u) is nonnegative and not identically zero if ϕ(u) is such,
and for each u ∈ R we have
(2.26) ψ(u) =
ˆ
R
ϕ(u+ y)t(−y)dy =
ˆ
R
ϕ(−u− y)t(y)dy = ψ(−u).
Since
(2.27) ψ(u) =
ˆ
R
ϕ(u − y)t(y)dy =
ˆ
R
ϕ(y)t(u − y)dy,
then,
(2.28) ψ
(2) (u) =
ˆ
R
ϕ(y)t(2) (x− y) dy = −2
ˆ
|x−y|≤1
ϕ(y)dy ≤ 0.

Lemma 6. Let
(2.29) F (x) =
ˆ ∞
0
G(y) cosxydy,
where G(y) ∈ C2 ([0,∞) and
(2.30)
ˆ ∞
0
{|G(y)|+ |G′(y)|+ |G′′(y)|} dy <∞.
If G′(0) = 0 and G′′(y) ≤ 0 for y ≥ 0 almost everywhere, then F (x) ≥ 0 for all
x ≥ 0. In particular, if G(y) is even and G′′(y) ≤ 0 for y ≥ 0 almost everywhere,
then F (x) ≥ 0 for all x ≥ 0.
Proof. Observe that for G′′(y) ≤ 0 and G′(0) = 0 we have
(2.31)
x2F (x) = x
ˆ ∞
0
G(y)d sinxy = −x
ˆ ∞
0
G′(y) sinxydy
=
ˆ ∞
0
G′(y)d(1 + cosxy) = −2
ˆ ∞
0
G′′(y) cos2
(xy
2
)
dy ≥ 0.
In the case that G(y) is even, then G′(y) is odd and G′(0) = 0. 
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Now we prove our main result Theorem 1:
Proof. It is known that the even entire function
√
8πz−
3
2J 3
2
(z) is of genus 1 and it
has only real zeros, [1, 7, 8, 9, 13].
Let
(2.32) Ψ(z) =
√
8πz−
3
2J 3
2
(z)Φ(z) =
ˆ
R
ψ(u)eizu du,
by (2.18) we have
(2.33) Ψ(z) =
ˆ
R
ψ(u)eizu du,
where ψ(u) is defined by (2.20). By Lemmas 3, 4 and 5 we know that in addition to
Ψ(z) and ψ(u) satisfy all the requirements of Theorem 2 except (2.3). Furthermore,
we also have ψ(2)(u) ≤ 0, u ∈ R.
From
(2.34) Ψ(z) =
ˆ ∞
−∞
ψ(u)e−izudu =
ˆ ∞
−∞
ψ(u)eizudu = Ψ(z),
we get
(2.35)
2 |Ψ(z)|2 = 2Ψ(z)Ψ(z) = 2
ˆ
R2
ψ(u)ψ(v)e−y(u−v)eix(u+v)dudv
=
ˆ
R2
ψ
(
α+ β
2
)
ψ
(
β − α
2
)
e−αyeiβxdαdβ
=
ˆ
R2
ψ
(
α+ β
2
)
ψ
(
α− β
2
)
e−αyeiβxdαdβ
=
ˆ
R2
ψ
(−α+ β
2
)
ψ
(−α− β
2
)
eαyeiβxdαdβ
=
ˆ
R2
ψ
(
α+ β
2
)
ψ
(
α− β
2
)
eαyeiβxdαdβ
=
ˆ
R2
ψ
(
α+ β
2
)
ψ
(
α− β
2
)
cosh(yα)eiβxdαdβ
=
ˆ
R2
ψ
(
α+ β
2
)
ψ
(
α− β
2
)
cosh(yα)e−iβxdαdβ
= 2
ˆ ∞
0
{ˆ
R
ψ
(
α+ β
2
)
ψ
(
α− β
2
)
cosh(yα)dα
}
cos(βx)dαdβ.
Then
(2.36)
∂2
∂y2
|Ψ(z)|2 =
ˆ ∞
0
{ˆ
R
ψ
(
α+ β
2
)
ψ
(
α− β
2
)
α2 cosh(yα)dα
}
cos(βx)dβ.
Let
(2.37) G(β; y) =
ˆ
R
ψ
(
α+ β
2
)
ψ
(
α− β
2
)
α2 cosh(yα)dα.
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From
(2.38)
∂2α
{
ψ
(
α+ β
2
)
ψ
(
α− β
2
)}
+ ∂2β
{
ψ
(
α+ β
2
)
ψ
(
α− β
2
)}
=
1
2
{
ψ(2)
(
α+ β
2
)
ψ
(
α− β
2
)
+ ψ
(
α+ β
2
)
ψ(2)
(
α− β
2
)}
we get
(2.39)
∂2βG(β; y) = ∂
2
β
ˆ
R
ψ
(
α+ β
2
)
ψ
(
α− β
2
)
α2 cosh(yα)dα
=
ˆ
R
∂2β
{
ψ
(
α+ β
2
)
ψ
(
α− β
2
)}
α2 cosh(yα)dα
=
1
2
ˆ
R
{
ψ(2)
(
α+ β
2
)
ψ
(
α− β
2
)
+ ψ
(
α+ β
2
)
ψ(2)
(
α− β
2
)}
α2 cosh(yα)dα
−
ˆ
R
∂2α
{
ψ
(
α+ β
2
)
ψ
(
α− β
2
)}
α2 cosh(yα)dα
=
1
2
ˆ
R
{
ψ(2)
(
α+ β
2
)
ψ
(
α− β
2
)
+ ψ
(
α+ β
2
)
ψ(2)
(
α− β
2
)}
α2 cosh(yα)dα
−
ˆ
R
ψ
(
α+ β
2
)
ψ
(
α− β
2
)(
(2 + a2y2) cosh(ay) + 4(ay) sinh(ay)
)
dα ≤ 0.
Then by Lemma 6 we have proved that ∂
2
∂y2 |Ψ(z)|2 ≥ 0. Then by Jensen’s result
Theorem 2 we have shown that Ψ(z) =
√
8πz−
3
2 J 3
2
(z)Φ(z) has only real zeros.
Since
√
8πz−
3
2 J 3
2
(z) has only real zeros, therefore, Φ(z) has only real zeros. 
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